7.1
For each set of Stokes parameters given below deduce the amplitude of the electric
field, up to an overall phase, in both linear polarization and circular polarization
bases and make an accurate drawing similar to Fig. 7.4 showing the lengths of the
axes of one of the ellipses and its orientation.
(@) s,=3, s, =-1 s,=2, s;=-2;
(b) s,=23, 5,=0, s,=24, s,=7.

Apply Eq. (7.26)(7.27)and(7.28)
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7.2

A plane wave is incident on a layered interface as shown in the figure. The indices of

refraction of the three nonpermeable media are n;,n,,n,. The thickness of the

intermediate layer is d. Each of the other media is semi-infinite.

(a) Calculate the transmission and reflection coefficients (ratios of transmitted and
reflected Poynting’s flux to the incident flux), and sketch their behavior as a
function of frequency for
n=4n,=2,n,=3n=3n,=2n,=Landn =2,n,=4,n, =1

(b) The medium n, is part of an optical system (e.g., a lens); medium n, is air
(ny=1). It is desired to put an optical coating (mediumn, ) on the surface so that
there is no reflected wave for a frequency @, . What thickness a and index of
refraction n, are necessary?

(a) Choose a coordinate system such that the electric field is along x-axis, the
magnetic field along the y-axis and the wave propagates in z-direction. In
mediumn,, the incident and reflected waves are described by:
. - _. E" . _ ) _ )
E'=Eetrx, B =—ely B =Eey B =——glkidy

Uy Uy
In mediumn,, there are both forward (denoted as +) and backward (-)
propagating waves and are described by:
E*

- i S B i(kyz-at)g .- - qi(kyz-at) g B- E™ ikr-at)
E* = E+e|(kzz—(»t)X1 B = = e (k, )t)y ,E —Ee (k, I)X, B=——"p (k, :)t)y
L, U,

In medium n,, there is only transmitted wave:

El _ Etei(kﬁz-mt);( Bl _ Eei(kzz-an)y
) 0,




Where k, = % k= 7 ks = 7 are wave numbers in the three media. For
U U, [28

nonpermeable media (1, = 11, = 1, = 11,), EH and BH are continuous at each
interface (x=0, d). At x=0, one has:

E-E E-E

E'+E"=E"+E";

21 7,

+4lk,d -A-ikyd t
At x=d, one has: E“e™ + E'e* = Ele™; Eer-Ee™ :E—eikﬁd

U, U3
v N v, n
let a=—2=-%;, pB=-2=2
L, N Ly N,
The four equations are then
E+E'=E'+E; E-E =a" -F)
Eteled 4 Ergied — Elghsd. Ereled _Egied = gEteid

¢ and E'e™" from the last two equations :

Solving for E*e™
E'e™ = ;(1+ BE'e,  Ee :%(1—ﬂ)E‘e‘k3“

Add the first two equations to eliminate E':

26 =(+a)E +(1+a)E :%E'e'*zd [+ )i+ gl +(1-a)i-ple*]

Solving for E'in terms of E':

E—l = %e‘ksd [0+ @B)cos(k,d ) - 2i(c + B)sin(k,d )]

Therefore,

4% = (1+ap) cos?(k,d)+ (a + B sin? (k,d )= (L+ B - (- a® Ji— 57 )sin? (k,d )

The transmission coefficient

2
1 nlel 4ap
' pole MmIE]  @+ap)f -0-a?fi- 7 )sin(k,d)
4n,nin,

*n2(n,+n, )t +(n2 —n2)n2 —n?)sin’(n, d%)

4n,n2n, _ 4npn,

(zennf" T (en)

It varies between the two extremism values T, =

As a function of ® for a fixed d or as a function of d for fixed ®. From the energy

conservation,
n2(n,—n,f +(n2=n2)n2-n? )sm ( da/)
n2(n, —n, )’ +(n2 —n2)n2 —n2)sin ( da/)

In the special case of d=0, the coefficient reduce to the familiar forms of two

R=1-T=

media.
(b) Forn, =1, the reflection coefficient

n2(n, -1 +(n2 =1)n2 —n?)sin ( da/)
n2(n, +1)° +(n2 —1)n2 —n? )sin’ ( , df%)
To have zero reflection at w = @,, the following condition must be satisfied:

n2(n, —1) +(n2 =1fn? —n? sm( da)/j

Sincen, >1,n, >1, thisis only possible if n, <n,.One set of possible solytion is

given bysinz(nzd%):l, and n?(n, 71)2 +(n§ *1Xn§ *nlz)zo

where | isanon-zero

1 c
Thisleadston, =4/n, and d=|l+= |7
N (143] o

integer.

7.3

Two plane semi-infinite slabs of the same uniform, isotropic, nonpermeable, lossless
dielectric with index of refraction n are parallel and separated by an air gap (n=1) of
width d. A plane electromagnetic wave of frequency w is incident on the gap from
one of the slabs with angle of incidence i. For linear polarization both parallel to and
perpendicular to the plane of incidence,

(a) Calculate the ratio of power transmitted into the second slab to the incident

power and the ratio of reflected to incident power;




(b)

For | greater than the critical angle for total internal reflection, sketch the ratio

of transmitted power to incident power as a function of d measured in units of

wavelength in the gap.

(a)

We may take the results from problem 7.2, but we need to redefine the
reflection and transmission amplitudes and the phase ¢, gotten from the
path difference for waves reflected and the first and second interface. To
make the connection with 7.2, | will say region 1 is the left slab, region 2 is
the gap, and region 3 is the right slab.

. Eq Ey
For the jjinterfacer; =— R;=—

E Eo

oi

Thus from the figure Ep =E R, +1,E R 518" + ,E R ;iR palp€ + ...

" H - io \N
Eo=ERp+ r12E0R23r21e|¢Z(R 21stel¢)

n=0

. r,r,R
E0=E0(R12+ e,i¢12_21R 23R J

21" Y23
Similarly

E'—ei%(Err +EgluR R e +..)
[ 0712723 07127 %237 21723

E'D = Eoei%%

1-R,R,.e"
Where the phase shift for the internally reflected wave is given by
2d 2d
4= 2”( %osr)= a)( %osr)= 2do 2o
8 c ceosr  ¢y1—n?sini

Note that the angle ris related to | by Snell’s law:sinr = nsini. Also note
%

¢is real as in problem 7.2, its effect cancels when calculating T, cannot be

i
that the overall phasee 72, neglected in the transmitted wave because, if
neglected if ¢is complex. | will assume = 4, is what follows.

E polarized perpendicular to the plane of incidence.

2ncosi R. = ncosi —v1-n?sin’i
T T
ncosi ++/1-n?sin?i

r

T
ncosi ++1-n*sin®i

And

7.4

_ 2cosr 2cosr

My = = :
“ " cosr++/n?—sin’r COST+ncosi
R Cosr— n?—sin’r _ cosr—ncosi

2n= - = . .
ncosr ++/n —sinr  NCOSi + ncosi

From symmetry, r,=r,andR,, =R,

Now for a plane wave

1 [ B _nlEl| _[E
2V & ‘EO‘Z n‘EO‘Z ‘EO‘Z

[ _nl _ES

if 1, = 1, which should hold for optical frequencies.

Ifi>i,, when cosr= +4/1-sin?r =++1—n?sin?i is purely imaginary, say

cosr=—ia, where a isreal and | have chosen the sign in order that the
results found later are physical. Then we can write
2 r,r,
b 2 12723
EO - EOe * 4md

1- (R 21)2 97171

r12 r23 R 23
4nd

el? - (R 21)2

Quialitatively, we see the effect of the gap is greatest when d is small. When

E;:Eo Ry, +

dis large, we can writeE; >0 E, - ER,,

and multiple scattering effects may be neglected. Plugging the above result
into T and R gives you these quantities in term of d, which of d, which may
be plotted.

A plan-polarized electromagnetic wave of frequency o in free space is incident

normally on the flat surface of a nonpermeable medium of conductivity o and

dielectric constant ¢.

(a)

(b)

Calculate the amplitude and phase of the reflected wave relative to the incident

wave for arbitraryo-and & .

Discuss the limiting cases of a very poor and a very good conductor, and show

that for a good conductor the reflection coefficient (ratio of reflected to incident

intensity) is approximately R =1- 295 where §isthe skin depth.
c




. E, 1-n
(a) Atnormalincident, the reflected wave E, is given by E—O =

o L+n
where n=c./us =c, 22 =(1+i)£1 HoD =(
w w 2
2 . )
where o =_|—— is the skin depth. Therefore,
ouw

4c’
10 e aoras

Tl.2c 2¢? T 202+ 2006 + 0*5?
1+29 5+ 4)252
an,g ___ 2cwo
,2c72 , 05 -2°
w0
For a perfect conductor, o — o0 = J — 0, the amplitude and the phase

r—1and tang—0 (¢ — ) Asexpected the reflected wave hasa 180°
phase change with respect to the incident wave.

tang =—

(b) The reflection coefficient

Rer?o ®*5* +4ct < 4 wd

A plane wave of frequency ® is incident normally from vacuum on a semi-infinite

slab of material with a complex index of refraction n(a))[nz(a)): 8((0)/80]

1—n(a))2

Show that the ratio of reflected power to incident poweris R =
1+n(w)

while the ratio of power transmitted into the medium to the incident power is
_ 4Re(w)
L+ n(w)’
Evaluate Re[iw(E' b -B-H %} as a function of (x, y, z). Show that this rate

of change of energy per unit volume accounts for the relative transmitted power
T.

(c)

For a conductor, withn? =1+ i(%g ), o real, write out the results of parts a
0

and b in the limit g;w << o . Express your answer in terms of & as much as
enter the complex form of Poynting’s theorem?
(a) Forincident (i=r=0), (7.39)reduces to

2 2
E, = E = E
! 1+ g(a)) ' 1+n(a)) '
€o
[
g oV % p_1-n)
8(w)+1 n(w)+1
&o
I:<S>l:Re%(E><F|*) B —H, =z, k,:é, :\/—(ksiniéerk(l:(osiél)xE,éy _
B —H =& K, ><E _\/f (ksinie, —kcko5|e )er
|,=Re%(‘,xﬂﬁ)=%E,éyx(— Eg)=1 @\E\Z“
|,=Re%(‘,x , % &, x5 E L8, _7\/5\&\ (-e,)
I _p=n(e)
R_\ 1 In(@)+1
_ \/—k xE, \/— (ksinie, +k<;(05|e L )xE€, e,
I, =Re %(E xR,)= E[éyx(—Re[,/g (@) ]Eléx):7Re[«/s(a))]E[\z(—éz)

T_u_m[@]az_m{ @] 2 [ 4Re[n

W JelEf Voo J1en(@)  en(o)

Conservation of energy R+T=1
1+ n(w)’ +4Re[n(w)]
1+n(w)’
»)-1]n"()-1]+ 2 +n*(o)]
[1+n(w) h+n )|

o +n+n"+1
"~ @+n)i+n
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- gOEléx

=J&E8,




~Re ;“’(E (0 7~ fon(@)iE, 07 L e (o) EH
L P

Rl 26" (0)- el (0)E e |
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—re o (0)|E
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R 8 i, +in o <0 (e i g o0 T e

=Re L (-2ingn, —2n|)}wso‘l_5“ze’2'm[k]z

= Imfn(w)]Re[n(w)LogO\Elrefﬂmlklz

= 'm[n(w)]\//i:z Re[k(w)]wgo‘E“ze—zlm[k]z

7.13
A stylized model of the ionosphere is a medium described by the dielectric constant
(7.59). Consider the earth with such a medium beginning suddenly at a height h and

extending to infinity. For waves with polarization both perpendicular to the plane of

incident (from a horizontal antenna) and in the plane of incidence (from a vertical

antenna),

(a)

(b)

(a)

Show from Fresnel’s equation for reflection and refraction that for @ > @, there

is a range of angles of incidence for which reflection is not total, but for larger
angles there is total reflection back toward the earth.

A radio amateur operating at a wavelength of 21 meters in the early evening
finds that she can receive distant stations located more than 1000km away, but
none closer. Assuming that the signals are being reflected from the F layer of the
ionosphere at an effective height of 300km, calculate the electron the electron
density. Compare with the know maximum and minimum F layer densities of
~2x10”m~?in the daytime and ~ (2—4)x10"m" a night.

2
& 2] 1
The index of refraction of the ionosphereis n=_|—=,1-— = = |o* - a?
\ & ) g

The ratios between the amplitudes of reflected and incident wave are given by
Egs. (7.39) and (7.41) for the two polarizations. Note the Egs. (7.41) and (7.39)

have different sign conventions forE, .

E, ncosd—+/n?-n?sin’@

-0 = for E L plane of incidence (7.39)

Es  ncos@++/n?-n’sin®@
E, n?cosd-nyn’-n’sin’@

== for E| planeof incidence (7.41)
E, n?cosd+nvn?-n’sin’0

earthn=1 , medium of ionosphere n'

E, cosd-+/n?-sin’@

2= =1(". total reflection) for E L plane of incidence

o cos@++/n?—sin?@

m

. 2 a2 _cin? B
E, _ncosf-vn—sin 6 _, for E| plane of incidence
Eo  n2cos@+n?—sin’@

cos@ —+/n?—sin? @ =cos@ ++/n?—sin’ 9 for E L plane of incidence
ncosf —+n?—sin?@ =n cosd++n*-sin’@  for E| planeof incidence
Vn?-sin?=0= sind=n @, =sin"n

In both cases, the amplitude of the ratio is unity when sin@ is imaginary. This
corresponds cases that the incidence angle 6 is greater than the critical angle

9 .

c-




0. =sin"n=sin"t

Therefore, the reflection is partial if & <6 and is total if &> 6, forw>w,

(b) For simplicity, treat the ionosphere and the earth as flat surfaces and assume
that the amateur can only receive distant stations when the wave is totally
reflected. In this case,

2 2
. d 0 -0 d
sing, = = P =
Jah? +d? ® Jah? +d?

Where h=300km is the effective height of the F layer, d=10000km is the distance

between the station and the receiver and A =21m is the wavelength. Plugging

in the numbers, we get the plasma frequency

4h?
d?+4h?

o, =27rE
A

8 2
o, = 2,310 4x(300)

=4.6x10"Hz
P 21\ (1000) + 4x (300)° *

. . mgo“ﬁ 11/ ..3
which corresponds to an electron density n=——-—=6.6x10 /m
c
Note the day-night difference is due to the sunlight.
7.19

An approximately monochromatic plane wave packet in one dimension has the
instantaneous form, u(x,0)= f (x)e™*, with f (x) the modulation envelope. For each

of the forms  f(x) below, calculate the wave-number spectrum ‘A(k]zof the packet,
sketch [u(x,0)° and|A(k)’, evaluate explicitly the rms deviations from the means

Ax and Ak (defined in terms of the intensities‘u(x,()]2 and ‘A(k}2 ), and test
inequality(7.82).

(@) f(x)=Ne M2
(b) f(x)=Ne“M*

() f(x)= {gl(l_“x) for afx| <1

foro|x|>1

(d) f(X)—{

(a)

(0)

N for[x|>a
0 forlx<a

u(x,0)= % [AKE=dk

Alk)= % Tu(x,o)e’”‘xdx u(x,0)= f(x)e™>

f(x)= Ne M/

Alk)= %Ie

N Tl iek,) N
=——2Re| e " TdX |=—2-
N2rx ['[[ J N2rx

—alx|f2

2z

2

1

a

Let us take N=1 and measure x in units of « , then

2
171
2r k2+£
4

u(x0)° =e™ |AK) =

N

f(x)=Ne™™  A(k)= % [erelietoromax = N Re(

N 7{12><2/4
=—2|e cos((k —k, Jx dx =

Taking N=1, «a=1

0 o
gilkko)gy = N ( j'e’"‘xvze‘(k’k“dx + J.e“/ze‘(”“de
-0 0

o

J'e—a2x2/4e—i(k7ko)xdx

|




f(x)= N(l—a\x\) x| >1, 0 otherwise

N .[1 alx|e k) %j(l—a\x\)cos((k—ko)x)dx

271'
_ 2N [ (sin(k —k,)Nk —ky)—arcos(k —k,)—a(k =k, )sin(k —k, )+ &
Ver (k—k,)*
(d)
f(x)= < a,0 otherwise

Ak) = %2 Re[} e'(kk‘J)Xde = %2} cos((k — ko X)dx = N EW

Choosing N=1, a=1

7.20

A homogeneous, isotropic, nonpermeable dielectric is characterized by an index of
refraction n(w), which is in general complex in order to describe absorptive
processes.

(a) show that the general solution for plane waves in one dimension can be written

u(x,t): \/;7[ J‘:da)e’"“‘ [A(m)ei((u/c)n((u)x n B(w)efi(w/c)n(m)x]

where u(X,t) is a component of E or B.
(b) if u(x,t) is real, show that n(—w) = n*(w).
(c) Show that,if u(0,t) and 6u(0,t)/dx are the boundary values of u and its

derivative at x = 0, the coefficients A(w) and B(w) are

o))

(a) Just Fourier transform
(b) u(xt) real, then u(x,t)—u"(xt)=0

u(x,t)—u"(x,t)
_ \/;7 J‘idw{em [A(w)ei((u/c)n(m)x N B(w)e—i(m/c)n(m)x]_ gt [A(w)e—i(m/c)n*(zu)x N B(w)ei(m/c)n*(w)x]}

_ \/;7 -[” dae ' {[A(wki(m/c)n(m]x + B(w)e—l(m/c)n(m)x ]_ [A(w)el(m/c)n*(m)x + B(wk—l(m/c)n*(m)x]}
e

_ \/;7 J”o da)e—i(ol {A(w)ei(w/c)x [en(w) _ en'(w)]+ B(w)e—i(w/c)x [en(w) _ en'(w)]}
e

_ \/;I’ dee {[A(w)ei(u/c)x +B(w)e Ken(u) 7en'(m))}
e

=0

- en(w) _ en'(w) -0

=n(w)=n"(w)

F j doe " [A(0)+ B(0)]

= o)+ 8= | de
au(0,t) F [ da)e""’{ (@A) %n(a))B(a))e’“‘”/C)"(”)xJ

“y(0,t)

Ox

x=0

= o= dee i nlofAl) - B(o)
= [A(w)-B(w)]= _% [ doe a)nl((:a) au(o,t)

= {A(w)} - %%J‘;dte‘“ |:u(0,t)¢ ic %(O,t)}

B(e)

7.22
Use the Kramers-Kronig relation (7.120) to calculate the real part of g(a)) given the
imaginary part of e(w) for positive @ as

(a) Im%0 = ﬂ.[@(a)—a}l)—e(w—a)z)]

w,>aw, >0

Im/ Ayw
%o w —w)z+}/a)

(a)




(b)

KKR Re E) 145 Pj dx leg( )/50

Im/ 1[6’ (0—e0,)- (a)fa)z)]
take 1=1, a)1=l w2=2
Refl®) _q. 2 Pj”d ——

2
& ‘—w

foro<w, orfor w>w,

Re ™. £(o) _ =1+Z (In(a)2 )@, +©)-In(o, - o) o, + ®))

9(w)=1+ ;(In(Z —0)2+0)-Inl-o)l+o))

for w <w<w,
elo 20| po-s X o X
ReQ:1+—J' dxﬁ+.|' ‘X ———
& R X —w otd X' —@

o)1 (0, - o)+ ) oo+ 1)

h(w):l+%(ln(2—m)(a)+2)—In(w—1)(w+l))

can be plotted.
take 1=1, y=0.25, w,=1

/4

M@:@—#f+dﬂe

élo) . 24y ¢ X
RE?O—1+ V4 PJ‘O dx((woz_xz)z+}/zszxz_a)z)

defining y=X/aw,, r=w/a,, a=y/a,

s(o) _14 20 y?

Re & ( -y )2+a2y2Xy

Take case a=1, A=1, oy=1
4

elo 22a 2

E:):l P-[d((_z)z yszz_z

0 Yo +ay hy -r
40* -4

16 —310* +160*

can be plotted.

Re

=1-4

7.28

A circularly polarized plane wave moving in the z direction has a finite extent in the x
and y directions. Assuming that the amplitude modulation is slowly varying (the
wave is many wavelengths broad), show that the electric and magnetic fields are
given approximately by

(B 0B | e
E(x,y,z,t)= [Eo(x, y)e £ IeZ)Jrk(OXOHa;J%}E ke-iot
ii\/EE

where eq, e,, e; are unit vectorsin the x, y, z directions.

B

I

Since the wave has a finite extent in x and y dimensions, the wave is not a plane
wave. Assuming the wave is dominated by the transverse polarization, but have

a small longitudinal part, the wave can be written as

E(X’ Y Z't): [EO(X, Y)(el + i92)+ F(X, y)eS]e'kZ*'“’t

It must be satisfy Maxwell’s equation

E(xy.z.t)
:{Wii%"g’y) F(x, y)k} i(lz-at)
=0

L F(xy)= { a(X xY),, 6(yX y)}

Ox

E(x,y,z,t)= {Eo(x, y)e, +ie, )+ i[% £i ify"je%eik”‘”‘

The magnetic field

o8 OB, OB ) | ies
-—=VxE=V X, e +ie, )+ — 0 +j e elkz—l(ot
ot X x{{ o(x,yNe £ ie,) k[ o oy ] 3} }

Since the amplitude modulation is slowly varying, 9E,/0x and OE,/dy are

generally small. Neglecting terms of 52E0/8XZ , GZEO/ﬁyZ .




oB {

_E=Vx EO(X’ y)(eliiez)elkz—umt}
o i %, OB (O
w| ozt oz * o\ ox
= FiEy(x, y)ik)e, + E,(x, y )ik )e, +
—_I(ik){EO(X, y)(elJ_riez)_;_[%i
@ OxX
=% E i

6E1] }
%, _E),
oy

0K,
+—
OX

an] }
eS
oy
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